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Genus-2 curves and their
Jacobians



Genus-2 curves

A genus-2 curve C over a field K with char(K) # 2 is a curve defined
by an equation of the form

C:y® = f(x),
where f € K|[z] is a square-free polynomial of degree 5 or 6.

We call y? = f(x) a hyperelliptic equation for C.
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Figure 1: ¢* = z(z® — 1)(2® — 4) Figure 2: ¢* = z(z? — 1)(2® — 4)(z — 3)



Hyperelliptic Equations

e A coordinate transformation
€y

sy =
LA (cx+d)3

g g o B2
’ cx+d’

with (LCL Z) € GL(K), e € K \ {0} allows to move between
different hyperelliptic equations.

We introduce two types of hyperelliptic equations:
Type 1: 3? = Ex(x® — Az +1)(2*> — B2+ C) ‘
Type 2: y° = (2? — 1)(2? — A)(E2® — Bz + O)

with coefficients A, B,C, FE € K.

» The existence of Type-1 and Type-2 equations over K is equivalent.
» For C: y? = f(x) over a finite field K: If f splits over K, then C
admits equations of Type 1 and 2.



Points of genus-2 curves

The set of points of a hyperelliptic curve C : y? = f(z) is given by

_ o {0} if deg(f) =5
C(K)={(u,v) e K*|v* = f(u .
(B) = {(u,0) € B2 | o = f( ”U{{oo+,oo_} o

L ] L ]
affine points point(s) at infinity

The Weierstrass points of C are the points fixed by the hyperelliptic
involution 7, defined as 7(u, v) = (u, —v) and 7(co+) = oo, resp.

7(00) = 00.

e Every genus-2 curve has precisely 6 Weierstrass points.

© In contrast to elliptic curves, the set C(K) is not a group.



The Jacobian of a genus-2 curve

We write J(C) for the Jacobian variety of a genus-2 curve.

e It is a a principally polarized abelian variety of dimension 2.

e As groups: J(C)(L) = Pic2(L) for any field extension L/K.

e Any R € J(C) has a unique presentation R = [P + P> — D],
where Py, P, € C(K) with 7(Py) # 7(P) and

D — 200 if deg(f) =125,
= ooy +oo_ if deg(f) =6

Mumford presentation
R = J(a,b) = (2,0) ol mAa0

For P = (uy,v1), Py = (u2,v2), S , :
define a = (z — uy)(x — uz) and
b= byx + by so that b(uy) = vy
and b(usz) = vs.

Figure 3: Element J(2* + x — 2,0) 5



Isogenies of Jacobians of
genus-2 curves



Torsion elements

Consider C : y? = f(z) over a finite field K with char(K) = p.

e J(C)[m] = (Z/mZ)* for m € N with p { m.
e The Weil pairing

em : J(C)[m] x T (C)[m] = pimn.
is a bilinear, alternating pairing.
Example: m =2, f =[[°_,(z — )
o JO)RIN{0} ={J (& = ri)(x —1;),0) | i # j}.

= Correspondence between pairs of Weierstrass points of C and
2-torsion elements of J(C).

o e (J ((z —ri)(z —15),0),J ((z — i) (x — 1), 0))
{1 if | {i,5}N{k,1} |=1,

1 otherwise.



General isogenies

Consider J(C) over K with char(K) = p and let £ # p prime.

e An (¢, 0)-isogeny is an isogeny ¢ : J(C) =+ A= J(C)/G, ! where
G = (Z/1Z)? and ey, = id.
= (G is called maximal /-isotropic.

e Non-backtracking composition of (¢, ¢)-isogenies:

JC)—= A — - — A,

For G = ker(J(C) — Ay), we have that esn|, = id and
G2 Z/NL x )" *T7 x 7.)C*Z for some 0 < k < n/2.
= @ is called maximal ¢"-isotropic.

e An ({™ {™)-isogeny is an isogeny as above, where k =0, i.e.
G = (Z/"Z)2.

LIn general, A is a principally polarized abelian surface. In most cases this is again
the Jacobian of a genus-2 curve C'.



Richelot Isogenies

Let C : y* = g1(x)g2(x)gs(x) with g; = g2, + g1.;@ + go; and write
6 = det ((9,5)1.5)-

e The group G = <J<gl> 0)7 J(927 0)> = {05 J(gla O)~ J(.g27 O)a J(gJa 0)}
is maximal 2-isotropic.

e If § #£0, then 7(C)/G = J(C'), where

C':y® = hi(@)ha(x)hs(z) with hy = 67 (g}, 1942 — gi+19i12)-

e The isogeny ¢ : 7(C) — J(C') is called Richelot isogeny and it is
defined by the correspondence

R: 0= gi(uhi(u)+ gz2(u)ho(u)
v’ = g1(u)hy (u)(u — )

for points (P, P’) = ((u,v), (v/,v")) € C x C'.



Richelot correspondence
@
Recall R ¢ C x C'.

R: 0= gi(u)hi(u") + ga(u)ho(u')
v’ = gy (u)hy(u')(u —u').

The correspondence induces a map J(C) — J(C'):

[P+Q—Ds] = [PL+Po+Q1+Q2—2D. | =[P +Q — D).

unreduced representation




Richelot Isogeny Chains




Our Algorithm

Setup: A genus-2 curve
C:y*= (2> —1)(2® — A)(E2®> — Bz + O)
and a (special) symplectic basis (B, B2, Bs, By) for J(C)[2"].
Input: a,b,c € Z/2"Z defining G = (By + aB3 + bBy4, By +bBs + c¢By).
Output: 7(C")=J(C)/G. @

@ Restriction in our work: We will only consider isogenies where the
codomain is again the Jacobian of a hyperelliptic curve. In general, one
could also have J(C)/G = &; x &; for two elliptic curves &1, &s.
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Our Algorithm

Computation of J(C)/G with G = (J1, Jo) C J(C)[2"].
General outline: Composition of n Richelot isogenies
Jo=JT(Co) 2 T1 =€) 25 T = T(C2) — ... 2 Fu = T(Cn).
! ~

g )2 5
5

where ker(¢;) = (2" ;1 (J1), 2" b _1(Ja)).

Step i:
e transformation to
Type-1 equation with
special kernel form 2
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(2,2)-isogeny formula

Theorem (K.)
Let C : y? = Ex(2% — Az + 1)(2% — Bz + O) with C # 1 and
G = (J(z,0),J (22 — Az +1,0)) C J(C)[2].

e Then J(C)/G = J(C') with

C' iy = (2~ )(a® — A)(E's* ~ Bo+C),

_ 9 _ B—-AC _ _A-B
where A’=C, B'= &, C' = E(1-C)° B = E(1-C)"

o We provide explicit formulas for the (2, 2)-isogeny
¢:TJ(C)— TJ(C). le. expressions
af b/ S K[A, B, C7 E, ap, a1, a, bo, bl] so that

1) 7

(J(agx?+a1x+ag, bix+by)) = J(aha?+ax+ap, biz+by) € T(C).
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Transformation

Goal: Given C: y? = f(x), a (2,2)-group (J(g1,0), J(g2,0)) and a
Re J(C) with 2- R = J(g1,0):
find a transformation ¢ : (x,y) — (2/,%’) so that

o Oy = Ea/(2/* — A’ +1)(Ex’® — Bz’ + O).

e t(g1) =2 and t(gy) = 2/> — Az’ + 1.

Step 1: Factorize g1(x) = (x — a1)(x — a2), g2(x) = (x — p1)(z — Sa2)
(Note: no square-root computations necessary due to the special setup).

Step 2: Seti:a— & =2=%2 y+s j=—L— and compute
(z—an1)

B4 — ol — BB — 6 =) =)

Step 3: Compute a € K such that satisfies a? = =

N
= 1
Sett:x—a' =a- =22, yr—y = (',L)_fxl)g.
» How to compute |/ f3; 357 » Why is it in K7
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Computing -

Division by 2 (Zarhin, 2016)
Let C : y? = g(z) with g = cy(z — 1) H?Zl(x —r;) and P = (r,0).

Then any choice of square roots
t=(t1,...,t4) € K* withe? =r —7r; foric{1,2,3,4}

defines a 4-torsion point J(a.,b.) € J(C) with
2 J(ay, b)) = J(x —r,0), where

ar = (x — )% — s2(t)(x — 1) + 54(¢),

1
b = _ — 7)) =
o (s1(v)s2(t) — s3(x))(z — 7) — s1(t)s4(v)
with s; the i-th elementary symmetric polynomial in v = (ty,...,t4).
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Computing -

Proposition (K.)
Let C: y* = crz(z — B1)(x — Bo)(x — 1) (x — 2). If
R = J(2?>+ayx+ag,byx +by) € J(C)(K) satisfies 2- R = J(x,0), then

_ (agbob1 — a1b)B1 B2 + cqad(ao — B152)?
Vo = g esaB (a0 — BiBa)(~a1 — Bi — Ba)

Proof.
e Set r=0and v = (vV-P1,V—52 V=71, vV—2)-

e Extract s;(t) from the Mumford coordinates of R.

51(%)s5 (1)t e5+(sa(v) —v7r3)*

o Use that 1% = o tom G (o 2ed) (sa (D T Fel)
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Performance

We compare our algorithm to other implementations on a typical
G2SIDH instance with log(p) ~ 100 and compute a (2°%, 2°!)-isogeny.

pure isogeny  with image points

Genus-2 SIDH [FT '19] 72 127
SIDH-Attack [CD '22] 0.16 0.26
L sagemath [PO '22] 0.4 0.6
This work 0.06 0.08
L sagemath 0.17 0.23

Table 1: Runtime in seconds on a laptop with Intel i7-8565U processor

Code and verification of all formulas:
https://github.com/sabrinakunzweiler/richelot-isogenies
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https://github.com/sabrinakunzweiler/richelot-isogenies

Richelot Isogeny Chains on the
Kummer Surface



Kummer Surface

For a genus-2 curve C : y? = f(z), the Kummer surface is defined as
K(C) = J(C)/{£1).
e Quartic surface in P3.
e 16 singular points corresponding to the 2-torsion points of J(C).
e Quotient map: ¢ : J(C) — K(C),
[(z1,91) + (w2,52) = Doo] = [L: @1 + @2 : 2172 %]

where ¢ is a polynomial depending on f.

Example:
Let C: y% = (22 — 1)(2% — A)(2? — Bz + C) be Type-2, then

o K(C): (€2 — 4€0&2) - €2 — 2((2C& — BE1 + 2E&)(—A&o + &2)(—&o + &2)) - &3
+(o,&1,&2)-

o £:J(x%2—-1,00—=[1:0:—1:(A+1)(C - E)],
E:J(x2—A0)=[1:0: —A: (A+1)(C - AE))].
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Richelot Isogeny on the Kummer Surface

Proposition (K.)
Let C:y? = (22 — 1)(2? — A)(E2? — Bz + C) with B # 0 and

G=(J(z?-1,0),J (22— 4,0)) c T(O)[2].

e Then J(C)/G = J(C") with
C':y?=FE'z(z®>—-Az+1)(x?> - B'z+C’) and
A =2B5C, B =24BC, O = A, B' =2B.

o We provide explicit formulae for the induced map ¢ : K£(C) — K(C').

def KummerRichelot(coefficients, point):
[A,B,C,E] = coefficients
[x0,x1,x2,x3] = point

yO = (A*(E-C) - C)*x072 + C*x172 - B*x1*x2 + Exx272 + x0%x3

y1 = A*B*x072 -2 (A*(C + E) + C)*x0*x1 + 2(A*E + C)*(C + E)/Bx*x1"2

+ Bx(A + 1)*x0%x2 - 2%(A*E + C - E)*x1*x2 + B*x2°2 + x1*x3

y2 = A*C*x0°2 - A*B*xO*x1 + A*Exx172 - (A*E - C + E)*x272 + x2%x3

y3 = (A"2%(4*E"2 - B"2) - A*B~2)*x072 + A*B~2%x172 + 4*A*(2+C*E - A*B)*x0%x2
- ((A + 1)*B"2 - 4%C~2)*x272 + 4*A*E*x0%x3 + 4*Cxx2*x3 + x372

return [y0,y1,y2,y3]
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Thank you!
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